The mode III fracture problem for a hexagonal lattice is discussed and compared with square and triangular lattices.
Introduction
A well known discrete mechanical model of crack [9, 11] (see also [2, 1] ) has been adapted in problem formulation for mode III brittle fracture in a hexagonal lattice. See Fig. 1 for an illustration of the two dimensional lattice models including square and triangular. It is assumed that each particle, in the two dimensional lattice is connected with its three nearest neighbors by linearly elastic identical (massless) bonds. The bonds have a spring constant K and an equilibrium length b. The results of [9, 11] for square lattice and those of [2] for triangular lattice, are briefly recollected in the appendices 1 and 2, respectively. In addition to the well studied models, an anisotropy parameter is also incorporated.
Notation
Let Z denote the integers. Let Z 2 denote the grid Z × Z. Let R denote the real numbers and C the complex numbers. In this manuscript, ξ typically denotes the complex variable of Fourier transform. The letter H stands for the Heaviside function: H (m) = 0, m < 0 and H (m) = 1, m ≥ 0. The square root function, √ ·, has the usual branch cut in the complex plane running from −∞ to 0. δ p,q equal to 1 if p = q and zero otherwise is Kronecker delta function. Other physical entities are defined in the analysis according to their relevance.
Mode III crack in square lattice model
Suppose that a mode III crack is moving at a constant velocity with magnitude V = Vc s > 0, in the crack plane P between y = − and y = −1. The crack (scaled) velocity V = 1 corresponds to the physical velocity V = c s . A piecewise linear inter particle force law between the nearest neighbours is assumed. The equation of motion for the particle located at (x, y), based on the classical (Newtonian) mechanics, is directly affected by the presence of crack whenever
The lattice fracture criterion is [2, 9] 
with u P↓ ↑ (x, t) = u x,0 − u x,−1 . The total displacement satisfies the equation
A subcritical crack speed is assumed: 0 < V < c s .
For the considered steady-state problem a moving coordinate, z = x − Vt is introduced. Assuming u x,y (t) = u y (z) equation (2) can be rewritten in the form
away from the crack. The Fourier transform on z for y ≥ 0 leads to a general solution of the form
Accounting for the skew-symmetry, due to far-field stress σ, the Fourier transform of the equation at y = 0 yields
where
Following [9] , a limit is considered as → 0+,
iξ+ , where K is the stress intensity factor for the macroscopic stress field around the crack tip.
A slight generalization involves the horizontal bonds of spring constant χ. The right side of (3) becomes χu y (z + 1) + χu y (z − 1) + u y+1 (z) + u y−1 (z) − (2 + 2χ)u y (z) and (4c) becomes
The crack (scaled) velocity V = √ χ corresponds to the physical velocity equal to the speed of 'sound', i.e. V = c s . Let
It can be shown that (5) involves an index L S = 0, L S (±∞) = 1, and
holds that gives the following asymptotic expressions (V < C S ):
Reverting back to the case χ = 1, further proceeding by the application of the Wiener-Hopf method [11] , it is found that
Finally, the solution is
By the fracture condition,
The energy required to snap the bond each time the crack advances by unit length is
With the macroscopic energy release rate G rel defined by
it is seen that
Thus, the ration of energy spent in bond breaking vs the energy release is C
−2 S
(its square root is plotted in Fig. 2 (a) to show the dependence on V).
Mode III crack in triangular lattice model
Consider an infinite triangular lattice consisting of point particles of mass M . Each particle is connected with six neighbors by the same linearly elastic bonds each of length b and spring constant K, along with the lattice fracture condition. For this lattice model, a mode III crack propagation with subcritical speed is studied. Suppose that a mode III crack is moving at a constant velocity with magnitude c s > V = 1 2 Vc s > 0, in the crack plane P between y = 0 and y = −1. The rectangular coordinates described in [6] and [8] are employed. Note that Vt = 2Vt/b so that the macroscopic moving coordinate x − Vt = 1 2 b(x − Vt) as desired. Thus, the crack (scaled) velocity V = 2 corresponds to the physical velocity V = c s . Let
The displacement field is skew-symmetric following [6] and [2] . Explicitly, taking into account the piecewise nature of interactions,
∀(x, y) ∈ Z 2 . Assuming u x,y (t) = u y (z) equation (18) can be rewritten in the form
away from the crack. With y = 0,
At the crack surfaces z < 0, an external loading is expected to act on the particles y = 0 and −1, respectively. Let
and
In terms of the bond lengths v, accounting for the far-field stress, and using (22),
Recall that q(ξ) = σ iξ+0+ . Above is same as the limit of the problem of brittle fracture when number of rows in a finite strip of triangular lattice tends to infinity [8] ; in particular,
Also above equation is same as (40a) except for a different kernel (40b).
It can be shown that index L T = 0, L T (±∞) = 1, and
with
holds that gives the following asymptotic expressions (V < C T ):
According to [8] , it is C T measures the energy spent in fracture per unit energy release (its square root is plotted in Fig. 2(b) to show the dependence on V).
A slight generalization is also considered with horizontal bond of spring constant χ. Taking into account the anisotropy parameter χ, the right side of (19) becomes χu y (z + 2) + χu y (z − 2) + u y+1 (z + 1) + u y−1 (z + 1) + u y+1 (z − 1) + u y−1 (z − 1) − (4 + 2χ)u y (z) and
The crack (scaled) velocity V = 
Mode III crack in hexagonal lattice
This section follows the notation of [5] (see also [4, 6, 5, 7] ) and several definitions and form of equations for the hexagonal lattice model are analogous to those presented in the context of wave scattering. The equation of motion for particles on the crack plane P is obtained by taking into account the snapping bonds between (x, 0) and (x * , −1). Suppose that ρ is the three dimensional mass density (assuming spacing b between parallel sub-lattices), µ is the linear elastic shear modulus, and c s is the macroscopic shear wave speed. Motivated by the three-dimensional context briefly described above, let M = 
The equation of motion for the particle located at (x, y), based on the classical (Newtonian) mechanics, is directly affected by the presence of crack whenever
The lattice fracture criterion is
Explicitly, taking into account the piecewise nature of interactions and lattice fracture condition, the forces compensating the interaction must be introduced for z < 0,
for (x, y) ∈ Z 2 and (x * , y * ) ∈ Z 2 , respectively, such that (x, y), (x * , y * ) lie away from the boundary, the nature of which is discussed below for each case studied in this paper.
At macroscale, the far field boundary conditions ('at y = ±∞') are such that a homogeneous shear stress σ is applied. In order to improve the clarity of expressions, instead of writing σ µ , simply σ is used. For the considered steady-state problem a moving coordinate, z = x − Vt is introduced. Assuming u x,y (t) = u y (z) equation (31) can be rewritten in the
From the Fourier transform (u
for all y ∈ Z \ {0} for mode III crack, where the complex function h 2 is defined by
The same equation, as described by (33), is satisfied by u * F y * for all y * ∈ Z\{−1}. For the problem of a mode III crack in an unbounded lattice, it is assumed that the lattice waves are radiated away from the mode III crack tip. Hence, the solution of (33a) is expressed as
Similarly, since u * F y * satisfies the same equation as that for u
The skew-symmetry of the solution follows [5] in the sense that
holds. Following [5] ,
The equation satisfied by the displacement u at y = 0 is
An analoguous equation is satisfied by u * at y * = −1. For convenience, u is written in place of u 0 . After taking Fourier transform u ± =
iξz dz, of the equation for y = 0 it is found that
for ξ ∈ R and N given by (36). Recall that q(ξ) = σ iξ+0+ . A slight generalization by taking into account an anisotropy parameter χ, the right sides of (32) become χu * y * (z+1)+χu * y * (z−1)+u * y * −1 (z)−(1+2χ)u y (z), etc, and in place of (33b)
The crack (scaled) velocity V = It can be shown that index L H = 0, L H (±∞) = 1, and
holds that gives the following asymptotic expressions (V < C H ): where
Rest of the analysis is same as that for the square lattice model. It is C H measures the energy spent in fracture per unit energy release (its square root is plotted in Fig. 2(c) to show the dependence on V). 
the plots of C −1 vs V/c s are presented in Fig. 2(a) , (b), and (c) for square, triangular, and hexagonal lattice, respectively. 
